Majorana fermion formulation of the two channel Kondo model 
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We show that a Majorana fermion description of the two channel Kondo model can emerge quite 
naturally as a representation of the algebra associated with the spin currents in the two channels. 
Using this representation we derive an exact equivalent Hamiltonian for the two channel model ex- 
pressed entirely in terms of Majorana fermions. The part of the Hamiltonian that is coupled to the 
impurity spin corresponds to the vector part of the a-r model (compactified two channel model). 
Consequently all the thermodynamic properties associated with the impurity spin can be calculated 
from the a-r model alone. The equivalent model can be used to confirm the interpretation of the 
many-body excitation spectrum of the low energy fixed point of the two-channel model as due to 
free Majorana fermions with appropriate boundary conditions. 
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The two channel Kondo model is known to have a low 
energy non-Fermi liquid fixed point and has been put 
forward as a model to explain non-Fermi liquid behavior 
as observed in several quite different physical systems at 
low temperatures, such as certain heavy fermion alloys 
and two-level systems. A full description of the model 
and the various theoretical approaches that have been 
applied to elucidate its physics, plus its potential appli- 
cations, can be found in a recentrextensive and thorough 
review by Cox and Zawadowskw. There are exact so- 
lutions for the ground state and thermodynamics of the 
model from Bethe ansatz calculations^ which have been 
known for some time, but there are continuing efforts to 
find a simple intuitive understanding of the nature of the 
excitations in the neighborhood of the low energy fixed 
point. Numerical renormalization groupu and conformal 
field theory calculations" give predictions for the many- 
body excitations at the fixed point but they do not pro- 
vide a simple explanation of these excitations in terms of 
more elementary ones, as is possible at the Fermi liquid 
fixed point of the single channel Kondo model. n 

The bosonization approach of Emery and Kivelsontj 
showed that close to a particular value of the coupling 
in the strong coupling regime (analogous to the Toulouse 
limit of the one channel model), the low temperature be- 
havior has the same form as the weak coupling model at 
low temperatures with the same Wilson ratio. This sug- 
gested that the low energy fixed point could be described 
by some effective Hamiltonian of this form with renormal- 
ized parameters. At the solvable Emery-Kivelson point 
the effective Hamiltonian contains a combination of par- 
ticle and hole creation operators which can be expressed 
most conveniently in terms of Majorana fermions. Re- 
cently, Maldacena and Ludwig using abelian bosoniza- 
tion have reformulated the, conformal field theory in 
terms of Majorana fermionsa. 

The Majorana fermion approach, was developed fur- 
ther by Coleman, Ioffe and TsvelikD who introduced the 
'compactified' two channel or a-r model. This is a single 
channel model in which the impurity spin is coupled to 
the conduction electron spin and isospin, a combination 
which is most conveniently expressed in terms of three 
Majorana fermions. ft was conjectured, with supporting 



arguments, that the a-r model has the same low energy 
fixed point as the two channel Kondo model on which, 
it was modeled. Subsequently Coleman and SchoficldEl 
introduced a version of the Anderson model (the 0(3) 
or compactified Anderson modelEI) which can be mapped 
into the a-r model in the local moment regime using 
the Schrieffer- Wolff transformation. Recent numerical 
renormalization group, conformal field theory, weak and 
renormalized perturbation expansion results for both the 
cr-T and, 0(3) Anderson models of Bulla, Hewson and 
ZhangoO confirm that the localized compactified mod- 
els do give the same low temperature thermodynamic 
behavior as the two channel model. 

In this paper we show that the Majorana fermion de- 
scription can emerge quite naturally within the two chan- 
nel model as a representation of the algebra of the total 
spin current of the two channels. We further show using 
this representation that an exact equivalent model for 
the two channel Kondo model can be obtained entirely 
in terms of Majorana fermions. The part of this model 
which includes the interaction with the impurity spin is 
the vector part of the cr-T model. This implies that the 
impurity spin contribution to the thermodynamic prop- 
erties of the two channel Kondo model can be calculated 
from the a-r model alone. We show that this Majorana 
fermion version of the model can be used to confirm the 
interpretation of the low energy fixed point of the two 
channel model as free Majorana fermion excitations sub- 
ject to appropriate boundary conditions. 

We start with the Hamiltonian in the form, 
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where we have retained the s-wave scattering only, lin- 
earized the fermion spectrum, and replaced the incoming 
and outgoing waves with two left-moving electron fields 
ipj i!T {x)\ Jg(x) are the conduction electron spin current 
operators 
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j,cr,a' 
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s a being spin-1/2 matrices. We can also introduce charge 
and flavor currents 



3,° 



(3) 



where t" •, are generators of anJ3U(2) symmetry group. 
Following Affleck and Ludwigu, the free part of the 
Hamiltonian can be rewritten as a sum of three commut- 
ing terms by the usual point-splitting procedure (Sug- 
awara construction) : 



ILL 

2n 



dx 



- : J c (x)J c (x) : +i : J f (x) ■ J f (x) : 



+- : J s (x) ■ J s (x) 



(4) 



while the interaction term is expressed in terms of the 
electron spin currents and the impurity spin only. The 
information about the number of channels is contained in 
the commutation relations obeyed by the spin currents 

[J s », J b s (x')\ = ie abc J a s (x)8{x - x') + ^6 a , b S'(x - x') 
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indicating that Jg{x) form an SU(2) level k = 2 Kac- 
Moody algebra. Meanwhile, the charge and flavor cur- 
rents satisfy 

[J c {x),J c {x')\ = 2kid'(x-x'), 
[Jf(x), J){x')] = ie abc Jf(x)S(x - x') 

+^5 a , b S'(x-x'). (6) 

They form a U(l) Kac-Moody and another SU(2) level-2 
Kac-Moody algebra, separately. 

It is now quite natural to introduce a Majorana repre- 
sentation of the spin current operators in the form, 



(7) 



where X2( x )i an d Xs{ x ) are left-moving free Ma- 

jorana fermion fields, and it can be shown to reproduce 
the SU(2) level-2 Kac-Moody commutation relations. It 
is important to note that this representation is only ap- 
propriate for the two channel model as it leads to a level-2 
algebra. It would be inappropriate for the single chan- 
nel Kondo model where the corresponding spin current 
generates a level- 1 algebra. 



In a similar way, we can also introduce Majorana rep- 
resentations for the flavor currents 



J fix) 
J V f (x) 
J f{x) 



-i ■ X2(x)x' 3 (x) 
-i ■ X3(x)x'i(x) 
-i Xi(x)x2(x) 



(8) 



which reproduces the commutation relations satisfied by 
the flavor currents, and 



J c (x) = -2i : X4(x)x' 5 (x) 



(9) 



can represent the charge current operator. Note that x' a 
with a — 1,2,3,4,5 are also left-moving free Majorana 
fermion fields. It is well-known that the dynamics of 
charge, flavor, and spin are completely determined by the 
commutation relations of the current operators. Though 
the spin currents of the two channel Kondo model can 
be represented in terms of three Majorana fermion fields 
Xa{x) (a = 1,2,3), we emphasize that they can not be 
given any simple physical interpretation in terms of the 
original conduction electrons ipj^(x). 

At this point we have the current operator terms in 
the Hamiltonian as quartic in the Majorana fields. The 
Sugawara construction enables one to write kinetic en- 
ergy terms, which are quadratic in field operators, as 
quartic terms. This is what was done earlier in writing 
the free part of the Hamiltonian in form of Eq.(Q), and 
it is convenient if one is pursuing a purely algebraic ap- 
proach as used in the conformal field theoryo. However 
for our purposes it is more convenient now to perform 
an inverse Sugawara construction by the usual point- 
splitting procedure again, and rewrite the terms quartic 
in the Major an . a f ermions as kinetic energy terms which 
are quadratidi3ii3: 



: J c (x) J c (x) :=4 J £:x' a (id x )x' a (x)l 

3 

: J f (x) ■ J f (x) ■.= 2J2-X' a (id x )x' a (x); 

a=l 
3 

: J s (x) ■ J s {x) := '■ Xa{id x )Xa{x). (10) 



The model Hamiltonian is transformed and divided into 
the following two parts, 

H c + H f =^Lj2 dx: X' a (x)(id x )x' a (x) :, 

3 Z'+OG 

Hs = 4^ ^2 J dx : Xa(x){id x )xa(x) : 



-y&:*(0)xtf(0):. (11) 

H c + Hf describes the non-interacting charge and fla- 
vor degrees of freedom. It has a symmetry group 



2 



17(1) ® SU(2) 2 = SO (5) and is expressed by five free Ma- 
jorana fermion fields x' a ( x ) i a — 1)2,3,4,5). H s is the 
main part of the model and describes the spin degrees of 
freedom with three left-moving Majorana fermion fields 
Xa (q = 1) 2, 3) interacting with the impurity spin. It has 
the symmetry SV '(2)2 or SO (3) so that the full Hamilto- 
nian has the symmetry group SO (5) (8 SO (3) = 50(8), 
which is represented by eight different Majorana fermion 
fields. 

In the two channel model Hamiltonian, H s given in 
Eq.(ll) is the only part which includes an interaction 
with the impurity spin. This part of the Hamiltonian is 
exactly equivalent to the vector part of the ct-t model. 
The ct-t (compactified) model is defined by 



ff' = -t££[4(n + l)c CT (n) + /7.c.] 

71 — (7 

+J[s(0)+r(0)]-§d, 



(12) 



where s(0) and r(0) denote the conduction electron spin 
and isospin current operators at the impurity site. The 
spin currents are defined as usual, and form a SU (2) 
level- 1 Kac- Moody algebra. The conduction electron 
isospin currents are defined as follows 



r+(n) = (-l)»4(n)cj(n), r"(n) - (-l)" Ci (n)c T (n) 
1 



T z [n) = - e}(n)c T (n) + c\(n)c L (n) 
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(13) 



which also forms a level- 1 SU(2) Kac-Moody algebra. 
Under the particle- hole transformation: cj(ti) — * Cf(n) 
and ci(n) — ► (— l)"c{(n), the conduction electron spin 
current operators change into the isospin current opera- 
tors, and vice versa. It is known that Majorana fcrmions 
can be introduced as follows, 



c l( n ) 



1/2 



V2 



*i(n) - i* 2 (») 
-* 3 (ji)-»o(i) 



(14) 



where a phase factor has been introduced to absorb the 
staggered phase factors of the conduction electron states, 
^o{n) is referred to as the scalar component, and \&i(ra), 
^2{n), ^3(11) are referred to as the vector components. 
The model is thus divided into two parts 



H' — H' sc + H vec 



77' - Vf 
if. r — — — 

sc 2tt 



dx : ^ (x)(id x )^ Q (x) : 

dx : ^ a (x)(id x )^ a (x) 



3 ~ + 
^vec = D / 

-iJ5 d - : #(0) x #(0) : . (15) 

We can identify -ffv OC with i7 s up to an overall factor 
2. This implies that the application of the ct-t model is 
not restricted to the very low energy regime but can be 



used to calculate the impurity contribution to the ther- 
modynamics of the two channel Kondo model over the 
full temperature range. This result is exact subject only 
to the requirement of linear dispersion for the conduction 
electrons. 

We briefly show that the Majorana fermion form of 
the Hamiltonian can be used to confirm the analysis of 
the many-body excitations, at the low energy fixed .point 
given in earlier workO'tllEJ. In our previous papeiO on 
the isotropic ct-t and 0(3) Anderson models we found 
that the excitations at the fixed point could be con- 
structed from free Majorana fermion excitations from the 
vector and scalar channels. The boundary conditions of 
the vector part had to be changed relative to the scalar 
part so that if the scalar part has periodic boundary con- 
ditions the vector part has antiperiodic ones (sector A), 
and vice versa (sector B). This difference can be inter- 
preted as due to strong coupling with the impurity spin 
in the vector channel, but we also found the same fixed 
point for the compactified Anderson model for all values 
of U, so it can be interpreted as the U — fixed point of 
0(3) Anderson model. The combined many-body spec- 
trum agreed both with the results of the numerical renor- 
malization group and the conformal field theory: sector 
A excitations for a chain with odd number of sites and 
sector B for a chain with an even number of sites. These 
two distinguishable excitation sectors give the same low 
energy physicsEIM. 

For a similar analysis of the two channel model in the 
Majorana fermion representation given in Eq. (11), we 
have to replace the scalar Majorana fermion in H sc by 
the five free Majorana fermions describing the flavor and 
charge degrees of freedom in Hf + H c . We can then 
construct the excitation spectrum at the fixed point with 
different boundary conditions for the fermions in the spin 
and charge-flavor sectors. To generate the spectrum as 
found in the numerical rcnormalization group calcula- 
tions for the two channel case we have to include exci- 
tations corresponding to both sectors A and B. We note 
that the boundary conditions we impose on the fields 
Xa(x) cannot be placed in direct correspondence with 
boundary conditions imposed on the physical conduction 
electron fields ijij t(T (x) . The resulting spectrum is given in 
Table I, which is in agreement with the numerical renor- 
malization group and conformal field theory calculations 
of the two channel Kondo model. It is the same as that 
conjectured in our earlier workliil and in agreement with 
the work of Maldacena and LudwigS and YeE-X 

Away from the low energy fixed point, using the Majo- 
rana fermion representation, it is straightforward to iden- 
tify the leading boua.dary operator as we have shown in 
our previous papeiO for the a-r model. Since the in- 
teraction is restricted to the spin part of the Hamilto- 
nian with an 0(3) symmetry group, the boundary op- 
erator must be 0(3) invariant. There is a unique 0(3) 
invariant operator with a scaling dimension | in the spin 
part: Xi{ x )X2( x )X3( x )- Therefore, we are led to iden- 
tify #Xi(0)X2(0)x3(0) as the leading boundary operator 



3 



of the two channel Kondo modelE-3, where 6 is an anti- 
commuting variable. As its scaling dimension is greater 
than one, this boundary operator is irrelevant. The im- 
purity contributions to the thermodynamic properties of 
the two channel Kondo model can be obtained by the 
second order perturbation calculations of this leading ir- 
relevant boundary operator. 

To summarize, we have used a Majorana fermion rep- 
resentation of the spin currents to obtain an exact equiv- 
alent Majorana fermion description of the two channel 
Kondo model. The spin part corresponds to the vector 
part of the ct-t model. It provides a simple prescrip- 
tion for understanding the low-energy fixed point. This 
formulation makes possible further developments such as 
the calculation of spin-spin current dynamical correla- 
tions for the two channel model from the cr-r model alone. 
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14 J. Ye, preprint, cond/mat9609057. 

15 A similar leading irrelevant boundary operator was derived 
for the compactified two channel Kondo model, see ref.7. 

TABLE I. Many-body excitation energies and their cor- 
responding degeneracies (dg) of the two channel Kondo 
model corresponding to the single particle spectrum at the 
low-energy fixed point. The energy levels without primes cor- 
respond to sector A, and those with primes to sector B. 
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